Abstract. According to Belegradek, a first order structure is weakly small if there are countably many 1-types over any of its finite subset. We show the following results. A field extension of finite degree of an infinite weakly small field has no Artin-Schreier extension. A weakly small field of characteristic 2 is finite or algebraically closed. A weakly small division ring of positive characteristic is locally finite dimensional over its centre. A weakly small division ring of characteristic 2 is a field.
In model theory, much attention has been drawn on algebraic structures which lie on the classifiable part of the dividing line provided by Shelah's stability theory, following the criterion: the models of some fixed uncountable cardinality of a theory T should not be classifiable if there are too many of them, such as if T is unstable, or stable non-superstable. Concerning theories with few countable models, less is known, even for N 0 -categorical groups (who have only one countable model up to isomorphism). All the less for the so called small structures who include all possible theories having fewer than continuum many countable models. Known results about small structures concern type-definable equivalence relations [15, 8, 9] , abelian groups [21] , fields [24] and classes of modules [20] . Some have been studied under additional model-theoretic hypothesis: small stable groups [21] and more generally *R-groups [23, chapter 5] , No-categorical supersimple groups [3] , small one-based structures [14] and small structures with finite coding [5] .
Weakly small structures are introduced by Belegradek in [24] to provide a broad framework for both small and minimal structures: they include omega-stable structures but also Ko-categorical, minimal, and af-minimal ones recently introduced by Poizat in [19] .
In [24] , Wagner shows that infinite small fields are algebraically closed, making the first successful use of the Cantor-Bendixson rank (the very weak analogue of Morley rank) in an algebraic context. He asks whether infinite weakly small fields are algebraically closed [24, Problem 12.5] . Following ideas of [24] , an exploration of weakly small groups begins in [13] where it is noticed that a weakly small group G inherits locally several properties that omega-stable groups share globally. For instance G satisfies local descending chain conditions. Every definable subset of G has a local stabiliser with good local properties. If G is infinite, it possesses an infinite abelian subgroup, not necessarily definable though.
Let us bring to mind what is known about weakly small fields. An No-categorical field is finite. Macintyre showed in 1971 that an omega-stable field is either finite or algebraically closed [11] . Wagner drew the same conclusion for a small field, as well as for a minimal field of positive characteristic [24, 25] . Poizat extended the latter to </-minimal fields of positive characteristic [19] . Whether the same result holds even for a minimal field of characteristic zero is still unknown.
We begin Section 2 by giving another proof that an infinite small field is algebraically closed. In section 3, we make a first significant step towards [24 Wagner had already noticed in [24] that a weakly small field is either finite or has no Artin-Schreier nor Kummer extensions. As a field extension of finite degree of a weakly small field has no obvious reason to be weakly small, Theorem 0.1 is a non-trivial improvement of [24] .
In section 4, we do not assume commutativity anymore and show that a weakly small division ring of positive characteristic is locally finite dimensional over its centre. [12] . §1. Preliminaries: weakly small tools. DEFINITION 1.1. A theory is small if it has countably many complete n -types without parameters (or equivalently over any fixed finite parameter set) for every natural number n. A structure is small if so is its theory. DEFINITION 1.2 (Belegradek). A structure is weakly small if for any of its finite subsets A, there are countably many complete 1-types over A.
For convenience of the reader, we state here the main results of [13] that will be needed in the sequel. We refer to the latter paper the reader willing to know more about weakly small groups.
In a weakly small structure M, for any finite parameter subset A of M, the space S\ (A) of complete 1-types over A is a countable compact Hausdorff space. It has an ordinal Cantor-Bendixson rank and one can compute the Cantor-Bendixson rank over A of any of its element p. We write it CBA(P). For any A -definable set X of arity 1, we write CB A {X) for the maximum Cantor rank of the complete 1-types over A containing the formula defining X. Only a finite number of complete 1-types over A with same CB^-rank as X do contain the formula defining X. We call this natural number the Cantor-Bendixson degree ofX over A, and write it dCB A (X).
What has been said for 1-types of a weakly small structure is also valid for every n-type of a small structure over parameters in an arbitrary finite set. PROOF. Let K be this field and let H be a definable additive subgroup of AT having finite index. Suppose first that there is an infinite finitely generated algebraic closure T. Note that Y is a field. The intersection of XH n Y where X runs over T is a finite intersection by Theorem 1.5 hence has finite index in Y. It is also an ideal of Y and must equal T. So T is included in H. Since this also holds for any finitely generated algebraic closure containing r , the group H equals K.
Otherwise, K is locally finite. By Wedderburn's theorem, K is commutative and equals acl{%). According to Theorem 1.5, it satisfies the descending chain condition on definable subgroups. K has a smallest definable additive subgroup of finite index, which must be an ideal, and hence equals K.
For the multiplicative case now, let us consider a multiplicative subgroup M of K x having index n. Let us suppose first that there is S an infinite finitely generated sub-field of K. There is no harm in extending 8 so that each coset of M be 5-definable. M has maximal Cantor rank over 8 by Lemma 1.3, so its almost additive stabiliser in 8 has finite additive index in 8 by Proposition 1.6, as well as the almost stabiliser of any of its cosets. So the almost stabiliser of all the cosets is an ideal of 3 having finite index, hence equals the whole of 3. We finish as Poizat in [19] by showing that the complement of M has small Cantor rank: we have just shown that 1 + aM ~ aM for every coset aM, where ~ stands for equality up to small Cantor rank over 5. For every coset aM, and every x in aM but a small ranked set, 1 + x belongs to aM, so x~l + 1 e M and x~x 6 M -1 .
Otherwise K is locally finite and has characteristic p. By Lemma 2.1, the group K x is /7-divisible, so K x can not have a proper subgroup of finite index. H Before going further, we remind a few definitions. Let L/K be a field extension. It is a Kummer extension if it is generated by K and one nth root of some element in K. It is an Artin-Schreier extension, if L is generated by K and one x such that
FACT 2.3 (Artin-Schreier, Kummer [10]). Let K be afield of characteristic p (possibly zero) and L a cyclic Galois extension of finite degree n. (i) Suppose that p is zero, or coprime with n. IfK contains n distinct nth roots of I, then L/K is a Kummer extension. (ii) If p equals n, then L/K is an Artin-Schreier extension.
COROLLARY 2.4 (Wagner [24] ). A small field is finite or algebraically closed. PROOF. Let K be a small infinite field. For every natural number n, the nth power map has bounded fibres so its image has finite index by Lemma 1.3, and the map is onto by Theorem 2.2: K x is divisible. By the same argument, the map mapping x to x p -x is onto. We conclude as Macintyre in [11] for omega-stable fields: first of all, K contains every root of unity. For if a is a nth root of 1 not in K with minimal order, K{a)/K has degree m < n. By minimality of n, every rath root of unity is in A\ If m is zero or coprime with the characteristic of
So K has positive characteristic p, and p divides m. K(a) contains an extension of degree p over K, which is an Artin-Schreier extension after Fact 2.3, a contradiction.
Secondly, if K is not algebraically closed, it has a normal extension L of finite degree n, which must be separable as K is perfect (Lemma 2.1); its Galois group contains a cyclic sub-group of prime order q, the invariant field of which we call M. Note that L is interpretable in a finite Cartesian power of K, so is small too. If q is not the characteristic, as K contains every qth root of 1, the extension L/M is Kummer; if q equals the characteristic, L/M is an Artin-Schreier extension, a contradiction in both cases.
H §3. Weakly small fields. The first part of the previous proof still holds for weakly small fields: COROLLARY 
An infinite weakly small field has no Galois solvable extension.
PROOF. If L/K is a Galois solvable extension, there is a tower of fields K = KQ c K\ c • • • C K" = L so that each K i+ \/Ki be generated by either a nth root or a pseudo-root of some element K t . But Ko has no Artin-Schreier or Kummer extension by the proof of Corollary 2.4.
-\ Note however that, as an algebraic extension of a weakly small field has no obvious reason to be weakly small, we cannot apply Macintyre's argument to deduce that a weakly small field is finite or algebraically closed. Nevertheless, stepping on the additive structure of the field, we can show that every algebraic extension of finite degree of an infinite weakly small field is Artin-Schreier closed. This is a first step towards Problem 12.5 in [24] asking whether an infinite weakly small field is algebraically closed.
Corollary 3.16 was conjectured by Poizat, who suggested using weakly normal groups and [6, Theorem 4 .1]. We ended up using the closely related Abelian structures and Fact 3.3 below. DEFINITION 
An
Abelian structure is any abelian group together with predicates interpreting subgroups of its finite Cartesian powers.
As for a pure module, an Abelian structure has quantifier elimination up to positive prime formulas (see [26, Weispfenning] 
(Weispfenning). In an Abelian structure A, a definable set is a boolean combination ofcosets of acl($)-definable subgroups of Cartesian powers of A.
An Abelian structure A is stable: let us take a formula </?(x, y) such that ip(x, 0) defines an ac/(0)-definable subgroup of A", and <p{x,y) the coset of y. Two formulas <p{x, a) and <p(x,b) define cosets of the same group, so they must be equal or disjoint. It follows that there are countably many yj-types over any countable set of parameters. By Fact 3.3, this is sufficient to show that A is stable.
In a stable structure, we call a dense forking chain any chain of complete types p q indexed by Q such that for every rational numbers q < r, the type p r be a forking extension of p q .
Stable theories with no dense forking chains have been introduced in [14, Pillay] . They generalise superstable ones. In a stable structure M with no dense forking chains, every complete type (and not only 1-types !) has an ordinal dimension, and for any dimension a, a. Lascar a-rank. We shall write dim{p) for the dimension of the type p, and U a (p) for its a-rank. They are defined as follows: To any type-definable stable group in M can be associated the £/ a -rank and the dimension of any of its generic types over M. We refer the reader to [14, 5, Herwig, Loveys, Pillay, Tanovic, Wagner] for more details. We shall just recall two facts: the Lascar inequalities which are still valid for the £/ a -rank, as well as their group version ; and the link between the C/ Q -rank and the existence of a dense forking chain.
FACT 3.7 (Lascar inequalities for £/ a -rank [14, 5] 
PROOF. We only prove point (2), which does not appear anywhere to the author's knowledge but follows from (1). Note that passing from the ambient structure M to M heq , one can use hyperimaginary parameters in (1). Let tp(a/M) be a generic type of G. We write an the hyperimaginary element which is the image of a in G/H. The type tp{aa/M) is also a generic of G/H. Let b be in the connected component H° of H, and generic over M U {a}. So ab is a generic of aH over M U {a}, hence over M U {an} -M U {{ab)n}-As a and ab are in the same class modulo G°, they realise the same generic type over M. 
. Let p be a complete n-type. There is a dense forking chain of n-types containing p if and only if the rank U a (p) is not ordinal for every ordinal a.
In a /c-saturated stable structure M, for any formula (p(x, y), we can compute the Cantor-Bendixson rank of the topological space S V {M) whose elements are the complete y-types over M. Let y/(x) be another formula and S Vi¥ the subset of S V {M) whose elements are consistent with y/. It is a closed subset of S V {M). The localtp-rankofy is the Cantor-Bendixson rank of S^^. We write it CB V {\//). The local ip-rank of a type p is the minimum local y>-rank of the formulas implied by p.
If M is a stable group, the stratified(p-rank ofy/ is its </>-rank, where <p(x, j) stands for the formula <p(y2 • x, y\). We write it CB*(y/).
In a ^-saturated stable group G, let H and L be two type-definable subgroups. H and L are commensurable if the index of their intersection is bounded (i.e., less than K) in both of them. Recall that this is equivalent to H and L having the same stratified <^-rank for every formula tp. THEOREM 3.9. Let be an Abelian structure with weakly small universe. Its theory has no dense forking chain. Remark 3.10. Pillay showed that a small 1-based structure has no dense forking chain [14, Lemma 2.1], In particular, a small Abelian structure has no dense forking chain either. The difficulty of Theorem 3.9 comes from the fact that weak smallness does not bound a priori the number of pure «-types for n > 2, which is a crucial assumption in the proof of [14, Lemma 2.1].
PROOF. According to Fact 3.8, one just needs to show that for every finite tuple a and set A, there is an ordinal a such that U a i^a/A) is ordinal. Note that the first of Lascar inequalities for the C/ Q -rank implies that U a ((a\,..., a")/A) is less than or equal to U a ((a2,..., a")/Aa\) ffi U a {a\/A). So, by induction on the arity of a, and Fact 3.8 again, we may consider only 1-types, and suppose for a contradiction that there be a dense forking chain of arity 1.
(1) We first claim that there exists a dense ordered chain (//,), 6 g of acl {^-typedefinable pairwise non commensurable subgroups.
Let {tp(a/Ai))i € Q be a dense forking chain, that is A t is included in Aj and tp(a/Aj) forks over A t for all i < j . By Fact 3.3 , every formula appearing in tp(a/Aj) is a boolean combination of cosets of ac/(0)-definable groups. There is a smallest ac/(0)-type-definable group Hi such that the type tp{a/Ai) contains the formulas defining aHj. If CB*(a/Aj) < CB*(aHj) for some formula ip, then there is an acl(0)-definable subgroup G; with the formula defining aG t included in tp(a/Ai), and CB*(aG t ) < CB*{aHi). This implies CB*(G t ) < CB*{H t )
and contradicts the minimality of//,. It follows that tp{a/Aj) is a generic type of a//,. Moreover, aH t is A t -type-definable. For all i < j , the type tp{a/Aj) forks over At so there must be a formula <p such that aHj and aH t have different stratified tpranks. Then, one has CB* (//,•) < CB*(Hj) so Hi and Hj are non-commensurable groups.
(2) Let us now build 2^° complete l-types over 0. 
PROOF. Let us write H for f(G), and let us apply the first Lascar equality. We get U a {H) + U a (G/H) < U a (G).
But H and G have the same C/ a -rank after Lemma 3.11. It follows that U a {G/H) is zero. This holds for every ordinal a, so dim{G/H) is -1 . This means that G/H is finite. H Remark 3.13. In Proposition 3.12, one cannot bound the index of the image of/ with the cardinal of its kernel. Consider for instance the superstable group {Z, +), and the maps / " mapping x to the n times sum x + • •• + x, when n ranges among natural numbers. PROOF. If K has positive characteristic p, let / be the Artin-Schreier map from LtoL. We consider the additive structure of L, together with / : it is an Abelian structure with weakly small universe K. It has no dense forking chain by Theorem 3.9. The map / has finite fibres so f(L) has finite additive index in L by Proposition 3.12. But K has no proper definable additive subgroup of finite index by Theorem 2.2, so neither has any finite Cartesian power of K, thus / is onto. H PROOF. Let K be this infinite weakly small field; it is perfect by Theorem 2.2. If there is an algebraic extension the degree of which is divisible by p, there is also a normal separable extension L of finite degree divisible by p. Its Galois group has a subgroup of order p, the invariant field of which we note K\. The extension L/K\ is an Artin-Schreier extension, a contradiction. H COROLLARY 3.16. A weakly small field of characteristic two is either finite or algebraically closed.
PROOF. If it is infinite and not algebraically closed, it has a normal separable algebraic extension of finite degree. According to Corollaries 3.15 and 3.1, its Galois group neither has even order, nor is soluble, a contradiction to Feit-Thomson's Theorem.
H §4. Weakly small division rings. Recall that a superstable division ring is a field [1, Cherlin, Shelah] . It is shown in [12] that a small division ring of positive characteristic is a field. It is still unknown whether this extends to weakly small division rings. In this section we show, at least, that every finitely generated algebraic closure in a weakly small division ring has finite dimension over its centre. With the previous section, this implies that a weakly small division ring of characteristic 2 is a field.
If D is an infinite weakly small division ring, and K a definable sub-division ring of D, one may view I) as a left or right vector space over K. However, we will not distinguish between the left and right K-dimension of D thanks to: has no Galois solvable extension: in particular, for every prime number q, there exists some non-trivial a in Z{C{b)) with a q = 1. We claim that all those roots are in Z(D). Suppose not, and let a be non central with a q = 1 for a prime number q. According to Fact 4.2, there exists a natural number n and an x in D with xax~l = a" but a" ^ a . If x has finite order, the division ring generated by x and a is finite, a contradiction to Wedderburn's Theorem. So x has infinite order. Conjugating q -1 times by x, we get x q~l ax~q +l = a n " = a. Note that x q~l has infinite order, so Z(C(x q~1 )) is infinite and has no proper field extension obtained by adding a radical in view of Corollary 3.1, and thus contains x. It follows that a and x commute, a contradiction. H PROOF. We may assume that a is non-central. We write / for the endomorphism mapping x to x a -x. Let K and H stand for the kernel and the image of / respectively. Note that H does not contain 1, for otherwise there would be some x verifying x" = x + 1 and x"' = x + p = x, a contradiction to Corollary 4.4. The set H is a K -vector space so the intersection H n K is an ideal of K not containing 1 hence trivial. The intersection / of the sets XH n T where X runs over T is a finite intersection, of size n say: it is a left ideal of T, hence zero. But 77 n T is a A" n T-vector space having codimension 1, so / has codimension at most n. H THEOREM 4.9. A weakly small division ring of positive characteristic is locally finite dimensional over its centre.
PROOF. Let T be a finitely generated algebraic closure, and Do,..., D n+ \ a maximal chain of centralisers of elements in T such that the chain r > z ) 1 n r > -> Z ) " n r > D" +1 PROOF. If the theory of an infinite pure division ring has fewer than 2 N° denumerable models, it is small: it is the theory of a algebraically closed field, which has countably many denumerable models as noticed in [24] . H In positive characteristic, we can just say the following: PROPOSITION 4.13. IfD is a small division ring, let a be outside the centre, and write y for the conjugation by a. For every non-zero polynomial a n X" + • • • + a\ X + «o with coefficients in the centre ofD, the morphism a"y" + • • • + a\y + a §Id is onto.
PROOF. Let K be the field C(a). As Z{D) is algebraically closed, P splits over Z (D) . As a product of surjective morphisms is still surjective, it suffices to show the result for some irreducible P. Let X be in the centre, let / be the morphism y -X.id, and let t be outside the image o f / . The map / is a AMinear map; its kernel must be a line or a point. According to Proposition 1.7, we get D = Ker/ m + I m / m for some natural number n. Set H the image of f m , and L its kernel. Note that L has finite AT-dimension. We may replace L by a definable summand of//, and assume that L and H be disjoints. Let Y be an infinite finitely generated algebraic closure containing t, a, some b which does not commute with a, and the A"-basis of L. We still have r = Lnr©#nr.
The intersection / of the sets XH n Y, where X runs over T is a finite intersection by Theorem 1.5: it is an ideal of Y which does not contain t, hence zero. But H C\Y has finite K n r-codimension, hence so has / . According to [ 14. In a small division ring, the central algebra generated by the conjugation map by any element is a division algebra.
PROOF. Set y a conjugation map. If / and g are two polynomials in y such that f.g is zero, then either / or g is zero.
H
